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We prove (in ZFC) that for every infinite cardinal x there are two graphs Go, Gt with 
x(Go)=X(Gx)=X ÷ and x(Go×GO=x. We also prove a result from the other direction. If x(Go) ~- 
~-- Ro and x(G~) = k-< oJ, then x(Go X G~) = k. 

O. Introduction, Notation, Problems 

A graph G = ( V ( G ) , E ( G ) ) = ( V , E )  is a structure of  the form E c [ V ]  2. 
7.(G) denotes the chromatic number of  G. 

I f  Gi=(Vi ,  Ei) ( i<2)  are graphs, Go×G1 is the graph (Vo×V1,Eo*EI)  
where I/o×I/i is the usual Cartesian product, for uEVo×V1, uo6Vo, ulEVI, u= 
=(u0,  ul) and for u, vEV0×V1 {u,v}EEo*E~ iff {ui, vi}EE~ for i<2 .  

I t  is clear from the definitions that  
(1) x(G0×Gx)<--min (x(G0), x(G0) holds for all graphs Gi i<2 .  

It  was conjectured in Hedetniemi's paper [2] that  at least for finite graphs 
equality holds in (1). This is obvious if z (Gi )~3  for i < 2 ,  and the conjecture is 
proved in a paper  of  this issue ([I]) in case x (GI)=4  ( i<2)  by M. EI-Zahar and 
N. Sauer. The main aim of  this note is to point out that  for infinite graphs equality 
does not always hold in (1). 

Theorem 1. For every infinite cardinal ×, there are graphs Gi, i < 2  with x (Gf )=x  + 
and such that 

Z (Go × G1) = x. 

On the other hand it is quite easy to show that in (1) equality holds if 
z(Go) = Ro and z(G1)< Ro (see Theorem 2). (Here ~0 can be replaced by a strongly 
compact  cardinal.) 

The question arises if x + can be replaced in Theorem 1 by some larger car- 
dinal. Here the answer seems to depend on the set theory we are working with. 

It  was proved by L. Sokoup that the following is consistent with ZFC + G C H  : 

(2) There are graphs Gi i < 2  with z(Gi)=]V~I=R2 such that z(GoXG1)=Ro . 
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Note that (2) easiIy implies that each subgraph of size R~ of  say Go has chro- 
matic number Ro, hence by a result of Laver and Foreman (2) can not be proved 
in Z F C + G C H .  

Problem. Is it consistent with ZFC+GCH that there are graphs with g(Go)= 
=z(G~)= ~ R~ and x(G0×G1)< ~o2 

1. Proofs 

Let ×_->co, A c ×  +. Set 

VA(×) = VA = {f: f is a function A f i s  one- to-oneAD(f )EAAR( f )=x};  

f -Cg~: ' , f~  g. 

(Va, -<) is a tree (in the set theoretic sense i.e. for each fEVa the set 
{gE Va: g<= f }  is well-ordered). The following is an unpublished but well-known 
result of F. Galvin and R. Laver. 

Theorem. Assume A is a stationary subset of  n +. Then the tree (VA, -<) is not n- 
special i.e. it is not the union of  ~ n  antichains. I 

The comparability graph Comp (Va,-<) of the tree (Va,-<) is G a =  
=(VA, Ea) where Ea={{f,g}E[FA]2: f -<gVg-<f},  and the fact that (Va,-<) 
is not n-special means exactly that z (Ga)~n  +. 

Proof of Theorem 1. Let A0, A1 be two disjoint stationary subsets of x +. By the 
Galvin--Laver result it is sufficient to see that for G=GaoXGa,, z(G)~=x holds. 
Now VAoXVal=KoUKI where 

K0 = {(J0,fl)EVaoXVn~: D(fo) < D(fl)} 

Ka = {(f0,1i)E Vao×V,I: D(A) < D(fo)}. 

By symmetry it is sufficient to see that G has a good coloring with ~ colors on Ko. 
Define F: Ko+n  by F(fo, fl)=fl(D(fo)).  To see that F is a good coloring let 
(fo, f~), (go,gl)EKo, {(f0, fl) ,  (go,gl)}EEao*Ea,. Set D(f~)=~,,  D(g,)=fl~ for 
i<2 .  Then ~o<~,,fl0</3x and we may assume ~1</31. {fo,go}EE, o implies 
~o#/~o-{fl ,gl}EEa~ implies f~(~o)=g~(a0). Hence F(fo, f~)=f~(eto)=ga(~o)# 
¢gl(flo)=F(go, g~) because gl is one-to-one. I 

S. Todoreevi6 pointed out to me the following facts. 
A) Under some set theoretical hypothesis (say 0) one can construct graphs 

]Go[=IGII=R1 not containing independent sets of size Ra and such that 
x(G0×G1)~= R0. 

B) Assume S and T are trees. Let S ® T denote {(s, t)E S ×  T with ht(s)= 
=ht(t)} with the Cartesian ordering. S ® T  is a tree, if S ® T  n-special then 
Comp ( S ) × C o m p  (T) has chromatic number at most ~, and this gives many new 
examples establishing Theorem 1. Some examples of such trees can be found 
in his paper [3]. 
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Finally we prove 

Theorem 2. Assume Z(Go)>= R0, x(G1)=k+ 1, k<eg. Then z(GoXGx)=k+I. 

Proof. Let G0=(V0, E0), G I = ( V 1 ,  L'I)- By compactness, we may assume IVll<~0. 
Let f :  Vo×Vl~k be a good k-coloring of GoXG~. For x(Vo let fx(Y)= 

=f(x ,  y) for yCV1. By the assumption, f ,  is not a good coloring of G~, hence 
if f,=.fx, for x~x'~Vo, then {x,x'}¢E0. This implies that 

z(G0) <-- klV,1 < ~o. II 
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